Abstract. We study deformations of the discrete Heisenberg group acting properly discontinuously on the Heisenberg group from the left and right and obtain a complete description of the deformation space.
1. Introduction and statement of main result.
We will be interested in deformations of the discrete Heisenberg group as a group acting properly discontinuously and cocompactly on a space X. The following defines our notion of deformation. There is a natural topology on the parameter space R(Γ, G; X) as a subset of Hom(Γ, G) endowed with the compact open topology. Then we consider the quotient topology on the deformation space T (Γ, G; X) ([K '93, K '01] ).
If X is an irreducible Riemannian symmetric space G/K, Selberg-Weil rigidity ( [W '64] ) states that T = T (Γ, G; G/K) is discrete if and only if G is not locally isomorphic to SL 2 R. An example of the failure of rigidity is when G = PSL 2 R, Γ is the fundamental group of a Riemann surface of genus g 2 and X = SL 2 R/ SO 2 is the Poincaré disk. Then T is the Teichmüller space, which has dimension 6g − 6.
The study of deformations of discontinuous groups for non-Riemannian homogeneous spaces and the failure of rigidity was initiated by Kobayashi [K '93] ; Kobayashi [K '98] treats the case when G is semi-simple. A complete description of the parameter and deformation spaces was first given for Γ = Z k acting on X = R k+1 via some nilpotent group of transformations G in [KN '06] and these results were extended to the case where G is the Heisenberg group, H is any connected Lie subgroup and Γ is a subgroup acting properly discontinuously and freely on X = G/H, in [BKY '08] .
In this paper, we give a concrete description of the space R(Γ, G × G; G), where G is the Heisenberg group, Γ = G ∩ GL 3 Z is the discrete Heisenberg group and the direct product group G × G acts on the group manifold G from the left and right. Our main result is the following. Theorem 1.2. For the deformation space T (Γ, G×G; G) of the discrete Heisenberg group acting properly discontinuously on the group manifold G from the left and right, we have the homeomorphism
Notation.
Let G denote the Heisenberg group and Γ = G ∩ GL 3 Z denote the discrete Heisenberg group. We will replace the matrix notation by defining
We will fix a presentation Γ = γ 1 , γ 2 , where
As a subgroup Γ always acts properly discontinuously and freely on G from the left and the quotient space Γ\G is a manifold. Similarly Γ always acts properly discontinuously from the right with compact quotient G/Γ.
To let Γ act both from the left and from the right, we rewrite G as the homogeneous space G × G/∆G, where ∆ :
as sets, because each generator γ 1 , γ 2 can be assigned any element in G × G, as any relations γ 1 and γ 2 satisfy as elements of G are also satisfied by any two arbitrary elements in G × G. Via the topology on G, then, Hom(Γ, G × G) can be regarded a topological space. In particular, for G being the Heisenberg group we have that G ∼ = R 3 , whence Hom(Γ, G × G) ∼ = R 12 . Any homomorphism Γ → G × G can be written as a pair of homomorphisms ρ, ρ
′ and the action of Γ on G as subgroup (on the left) is recovered as the action of Γ id,1 on G × G/∆G, where id is the inclusion and 1 is the trivial homomorphism. However, for general ρ, ρ ′ this action is not necessarily properly discontinuous.
to construct non-standard Lorentz space forms. Goldman's conjecture concerning the existence of an open neighbourhood of the embedding id × 1, throughout which the group action remains properly discontinuous was resolved affirmatively for reductive Lie groups by Kobayashi [K '98] . An analogous result holds if G is a simply connected Lie group and Γ is a cocompact discrete group by an unpublished result of T. Yoshino. Our results below show this feature explicitly for G being the Heisenberg group.
Property (CI) and proper actions.
To check for proper discontinuity of the action of Γ ρ,ρ ′ , we will use a criterion by Nasrin [N '01] for 2-step nilpotent groups, which relates properness to the property (CI).
(See [L '95] for the relationship between the property (CI) and proper actions in the more general context of locally compact topological groups acting on locally compact topological spaces.) Theorem 3.2 ([N '01], Thm. 2.11). Let G be a simply connected 2-step nilpotent Lie group, and let H and L be connected subgroups. Then the following conditions are equivalent.
(1) L acts properly on G/H,
We will apply this theorem to the triple (L ρ,ρ ′ , ∆G, G × G), where G is again the Heisenberg group and L ρ,ρ ′ is the extension of Γ ρ,ρ ′ defined as follows.
The following lemma will allow us to use Thm. 3.2 to determine the conditions under which Γ ρ,ρ ′ acts properly discontinuously.
Lemma 3.4 ([K '89])
. Let L be a Lie group acting continuously on a locally compact space X. Let Γ ⊂ L be a discrete subgroup such that Γ\L is compact. Then the following conditions are equivalent.
(1) Γ acts properly discontinuously on X, (2) L acts properly on X.
Main results.
To find the extension of Γ ρ,ρ ′ , we use the (global) diffeomorphism exp : g → G, whose inverse we denote by log. Let ρ, ρ ′ : Γ → G be any two homomorphisms. Then ρ and ρ ′ are determined by their values on the generators, which (in the notation of §2) we will set to be
for i = 1, 2. Now, let ρ 0 : g → g be a Lie algebra homomorphism defined on the generators by ρ 0 (log γ i ) = log ρ(γ i ), for i = 1, 2, and ρ 0 ([log γ 1 , log γ 2 ]) = log ρ([γ 1 , γ 2 ]), and extended linearly; let ρ : G → G be defined by ρ = exp •ρ 0 • log. Then ρ| Γ = ρ, so that ρ extends ρ in the sense that ρ is defined on all of G. If we write ρ ′ for the extension of
Next, we will check condition (c) of
Calculating the LHS and RHS of (3) explicitly, it follows that (3) is equivalent to
we can rewrite condition (3) as
and we obtain the following proposition.
Proposition 4.1. The group Γ ρ,ρ ′ acts properly discontinuously and cocompactly on G × G/∆G if and only if the following two conditions hold.
(1) det(A − A ′ ) = 0, and
where A, A ′ are determined by ρ, ρ ′ via (2) and (4).
Proper discontinuity is contained in the above argument. For cocompactness we make use of the following lemma.
Lemma 4.2. Let ρ be as in (2) and A be defined by (4). Then det A = 0 ⇔ ρ is injective.
Proof. det A is precisely the (1,3) entry of the commutator [ρ(γ 1 ), ρ(γ 2 )] and det A = 0 if and only if the image ρ(Γ) is non-commutative. We show that ρ(Γ) being noncommutative is equivalent to ρ being injective.
If ρ is injective, ρ(Γ) ∼ = Γ is non-commutative. Conversely, write N = ker ρ and assume that ρ(Γ) is non-commutative. We have the commutative diagram Case (iii). If N ∩ Z = mZ, for m ≥ 2, then Z/N ∩ Z = Z m in the bottom left entry. However, Z m is finite and contains torsion elements and injects into Γ/N . By the first isomorphism theorem for groups, the induced map ρ * : Γ/N → G is injective. But G is torsion-free, whence Γ/N is torsion-free also and we obtain a contradiction.
We conclude that N ∩ Z = 0 (case (i)). Now, write π : Γ → Z 2 for the projection and π * : N → N/N ∩Z for the restriction of π to N . Let γ be any element in Γ and n ∈ N . Since N is normal, γnγ −1 ∈ N . Then
where the last equality follows from the fact that im π * injects into Z 2 and is therefore commutative. Since N ∩ Z = 0, π * is an isomorphism and we conclude that γn = nγ, i.e. N is contained in the centraliser Z. Then N ∩ Z = 0 shows that N is trivial, whence ρ is injective.
Proof of Prop. 4.1. Using Thm. 3.2, we have shown that L ρ,ρ ′ acts properly on G × G/∆G if and only if conditions (a) and (b) hold. Applying Lem. 3.4, L ρ,ρ ′ acts properly on G × G/∆G if and only if Γ ρ,ρ ′ acts properly discontinuously on G × G/∆G.
By Lem. 4.2, condition (b) shows that at least one of ρ, ρ ′ must be injective, whence the cohomological dimension cd Γ ρ,ρ ′ = 3. It is a fact, based on a standard argument invoking Poincaré duality, that if a group Γ acts (faithfully) on a contractible manifold X and cd Γ = dim X, then Γ\X is compact (cf. [K '89], Cor. 5.5).
Since G × G/∆G ∼ = R 3 is indeed contractible and dim G × G/∆G = cd Γ ρ,ρ ′ = 3, the double quotient Γ ρ,ρ ′ \G × G/∆G is compact.
Prop. 4.1 can be turned into a method for determining pairs of homomorphisms for which Γ ρ,ρ ′ acts properly discontinuously and cocompactly on G from the left and right as follows. Let
Define a map
Determining A, A ′ via (4), one checks that A − A ′ = S and det A − det A ′ = t 0 · det S = 0, as t 0 ∈ R × . Thus, conditions (a) and (b) from Prop. 4.1 are satisfied and Γ ρ,ρ ′ acts properly discontinuously and cocompactly on G from the left and right. Moreover, we have the following Theorem 4.3. The map α (see (5)) induces a homeomorphism from GL 2 R×R × × R 7 onto the parameter space R(Γ, G × G; G) of deformations of Γ acting properly discontinuously on the group manifold G from the left and right. Furthermore, the deformation space
Proof. The idea of the proof and the origin of the map α is the following. The space of pairs of matrices satisfying (a) and (b) of Prop. 4.1 can be determined as follows. Suppose A, A ′ satisfy (a) and (b). Consider the map
which is well-defined, since U = A−A ′ is invertible. We can find an inverse mapping
2 (U V − U )) and one checks that α 0 • ω = id and ω • α 0 = id.
For U and V , condition (a) is equivalent to the condition that U ∈ GL 2 R; condition (b) translates into the condition
where I denotes the 2×2 identity matrix. Then, writing
is a homeomorphism. Writing id for the identity on
The conjugation action of G × G on Γ ρ,ρ ′ leaves the superdiagonal entries of each factor unchanged and is transitive on the (1, 3) entries, so that
5. Geometric interpretation of main result.
Geometrically speaking, we have the central extensions
and by quotienting Γ\G can be viewed as a circle bundle over the torus. The two conditions of Prop. 4.1 can then be interpreted as follows. The matrix A − A ′ determines a Riemannian structure on this torus and det A − det A ′ determines the structure on (i.e. length of) the circle. In particular, the number of connected components (which equals four) of the deformation space T (Γ, G × G; G) corresponds to the number of possible combinations of orientations on the torus and the circle. Letting c vary from 0 to 1, we obtain a family of groups Γ ρ,ρ ′ (which lies in the component of both base space and fibre orientations being positive), which by Prop. 4.1 act cocompactly and properly discontinuously on G × G/∆G, where the length of the fibre varies from 3 to 2 and the structure on the torus remains unchanged and is given by the matrix ( 1 1 0 1 ).
Similarly, it is possible to find families of groups, which only change the structure on the base space, leaving the length of the fibre unchanged; or families, for which both the structure on the base space and the length of the fibre are fixed, but the connection form is deformed.
Remark 5.2. General examples, like the one above, stand in contrast to the case when G is semisimple of real rank 1-e.g. G = SL 2 R, SO(n, 1), SU(n, 1), Sp(n, 1)-for which any properly discontinuous group for G × G/∆G is a graph up to a finiteindex subgroup ([K '93], Thm. 2 and Rmk. 1).
